Abstract. In this paper, we prove that the equation a 2 + 3b 6 = c p has no non-trivial primitive integer solutions for p ≥ 239. Our proof is based on the modularity of Galois representations of Q-curves and the work of Ellenberg [Ell04] .
Introduction
The remarkable breakthrough of Andrew Wiles about the proof of TaniyamaShimura conjecture which leaded to the proof of Fermat's Last Theorem introduced a new and very rich area of modern number theory. A variety of techniques and ideas have been developed for solving the generalized Fermat equation of the form
Because the literature is very rich we refer to [BCDY15] for a detailed exposition of the cases of (1) that have been solved. In this paper we prove the following Theorem 1. Let p ≥ 239 be an odd prime. The equation The paper is organised as follows. In Section 2 we recall the terminology and theory of Q-curves. In Section 3 we introduce a Frey curve which we prove it is a Q-curve and we study its arithmetic properties. In Section 4 we prove Theorem 1 while in Section 5 we explain and apply Ellenberg's analytic method [Ell04] . Finally, in Section 6 we compute an explicit upper bound of |E (3) | in Theorem 2. The computations of the paper were performed in Magma [BCP97] and the programs can be found in author's homepage https://sites.google.com/site/angeloskoutsianas/.
Preliminaries
In the section we recall the main definitions of the Q-curves and their attached representations; we recommend [BC12] , [ES01] , [Que00] and [Rib04] for a more detailed exposition.
Let K be a number field and E/K be an elliptic curve without CM such that for every σ ∈ G Q there exists an isogeny µ E (σ) :
σ E −→ E. Then E is called a Q-curve defined over K. We make a choice of the isogenies above such that µ E is locally constant.
Thus c E determines a class in H 2 (G Q , Q * ) which depends only on the Q-isogeny class of E. Tate has showed that H 2 (G Q , Q * ) is trivial when G Q acts trivially on Q * . So, there exists a continuous map β :
The map β is called a splitting map of c E .
We define an action of
From the definition ofρ E,p we have that Pρ E,p | GK ≃ Pφ E,p where
is the usual Galois representation attached to the p-adic Tate module of E (see [ES01, Proposition 2.3]). Given a splitting map β, Ribets [Rib04] attaches an abelian variety A β over Q of GL 2 -type such that E is a simple factor over Q. From the definition ofρ E,p we understand that the representation depends on β. Let M β be the field generated by the values of β. We want to make a choice of β such that it factors over a number field of low degree and
−1 as cocycles and K β is the splitting field of β. In this case, the abelian variety A β is a quotient of Res K β /Q E β over Q. The endomorphism algebra of A β is equal to M β and the representation on the π n -torsion points of A β coincides with the representationρ E,p above, where π is a prime ideal in M β above p.
Finally, we define the ǫ : G Q → Q * given by
Then, ǫ is a character such that
where χ p is the the p-th cyclotomic character. We can attach a residual represen-
Similarly, we denote by φ E,p the residual representation associate toφ E,p .
3. Frey Q-curve attached to a 2 + 3b 6 = c p In this section we attach a Frey Q-curve over K = Q( √ −3) to a primitive solution (a, b, c) of (2). Let p be an odd prime. We define
The invariants of E are given by
Lemma 3.1. Let a/b 3 ∈ P 1 (Q). Then the j-invariant of E lies in Q only when
• a/b 3 = 0 and j = 54000, or • a/b 3 = ∞ and j = 0.
Proof. From (11) and for a/b 3 = ∞ we have that j = 0. Let assume that a/b 3 = ∞. After cleaning denominators of (11) and taking real and imaginary parts using the restriction that j, a/b 3 ∈ Q we end up with
where j ′ = j/432 and A = a/b 3 . From the second equation we have that either
A 2 +3 . For A = 0 we have the first case of the lemma. Replacing j ′ to the first equation above we end up with
which we can easily check that does not have any solution over Q. Proof. Let assume that E has complex multiplication. Then from the theory of complex multiplication we know that the j(E) is a real algebraic number. Because j(E) ∈ Q( √ −3) we conclude that j(E) ∈ Q. Because the list of j-invariants of elliptic curves with complex multiplication with j ∈ Q it is known (see [Cox89] ) we have the result. Lemma 3.3. Let (a, b, c) be a non-trivial primitive solution of (2), then c is divisible by a prime different from 2 and 3.
Proof. Because (a, b, c) is a solution of a 2 + 3b 6 = c p we have that 3 ∤ c. Because p ≥ 3 and a 2 + 3b 6 ≡ 0 mod 8 we have that 2 ∤ c.
Because of Lemma 3.2 we assume that E has no complex multiplication. The curve E is a Q-curve because it is 3-isogenous to its conjugate and the isogeny is defined over K (see IsQcurve.m). We make a choice of isogenies µ(σ) :
σ E −→ E such that µ(σ) = 1 for σ ∈ G K and µ(σ) equal to the 3-isogeny above for σ ∈ G K .
Let d be the degree map (see [Que00] ), then we have that 3) is a dual basis in the terminology of [Que00] . We can see that (−3, 3) is unramified and so ǫ = 1, K ǫ = Q and K β = Q( √ −3). Moreover, we have
Let A β = Res K/Q E. Since K β = K we understand that ξ K (E) has trivial Schur class. Thus from [Que00, Theorem 5.4] we have that A β is a GL 2 -type variety with Q-endomorphism algebra isomorphic to M β .
Let p 2 and p 3 be the primes in K above 2 and 3 respectively.
Lemma 3.4. The elliptic curve E is a minimal model with conductor equal to
Proof. Let assume that p is a prime in K that does not divide 2, 3. Then from (12) and (13) we understand that E has multiplicative reduction at p. Let p 3 be the prime in K above 3. From Tate's algorithm we can prove that E has IV * reduction type and because v p2 (∆) = 14 we have the exponent for p 3 . Let p 2 be the prime in K above 2. Because p ≥ 3 we have that 2 ∤ c, Lemma 3.3. So, we have
From [Pap93, Tableau IV] we conclude that E has I * 0 , I * 1 or IV * reduction type. Applying Tate's algorithm we can show that E has neither I * 0 nor I * 1 reduction type.
Lemma 3.5. The conductor of A β is
Proof. This is an immediate consequence of [Mil72, Proposition 1] and the fact that K is unramified outside 3.
Since A β is of GL 2 -type with M β = Q( √ 3), the conductor N A β of the system of
as it is explained in [Che10] where M β,π is the completion of M β with respect to π.
In the following lines we compute the Serre invariants
Proposition 3.6. The representation φ E,p | Ip is finite flat for p = 2, 3.
Proof. Let p be a prime above p. By Lemma 3.4 we know that E has good or multiplicative reduction at p. In the case of multiplicative reduction the exponent of p in the minimal discriminant of E is divisible by p. Finally, K is only ramified at 3 and so I p ⊆ G K .
Proposition 3.7. The representation φ E,p | I ℓ is trivial for ℓ = 2, 3, p.
1 For some of the computations it is more convenient to use the isomorphic to E curve
Proof. Let l be a prime above ℓ. Because of Lemma 3.4 we know that E has good or multiplicative reduction at l. In the case of multiplicative reduction the exponent of l in the minimal discriminant of E is divisible by p. Finally, K is only ramified at 3 and so I ℓ ⊆ G K .
Proposition 3.8. Suppose p = 2, 3. Then N ρ = 972.
Proof. Because we want to compute the Artin conductor of ρ E,p , we consider only ramification at primes above ℓ = p. Let consider ℓ = 2, 3, p. We recall that K = K β . Because ℓ = 3 we have that K β is unramified at ℓ, so I ℓ ⊂ G K . Because ρ E,p | GK ≃ φ E,p and φ E,p | I ℓ is trivial we have that ρ E,p is trivial at I ℓ . Thus, ρ E,p is unramified outside 2, 3, p.
Suppose ℓ = 2, 3. From (11) we understand that E has potential good reduction at primes above 2, 3. That means thatφ E,p | I ℓ factors through a finite group of order divisible only by 2, 3. Thus,ρ E,p | I ℓ factors through a finite group of order divisible only by 2, 3. It follows that the exponent of ℓ in the conductor of ρ E,p is the same as in the conductor ofρ E,p as p = 2, 3.
Proposition 3.9. Suppose p = 2, 3. Then k ρ = 2.
Proof. The weight is determined by ρ E,p | Ip . For p = 3 we have that K is unramified at p and so Proof. This is a consequence of the fact that ǫ is trivial and the properties of ρ E,p .
From [Ell04, Proposition 3.2] and Lemma 3.3 we have
Proposition 3.11. Let assume that ρ E,p is reducible for p = 2, 3, 5, 7, 13. Then E has potentially good reduction at all primes above ℓ > 3.
Proof of Theorem 1
Proof. Let assume that p ≥ 239 be an odd prime. Let (a, b, c) be a non-trivial primitive solution of (2). We attach to (a, b, c) the curve E. Because of the modularity of Q-curves which follows from Serre's conjecture (see [KW09a] , [KW09b] , [Kis09] ), the Ribet's level lowering [Rib90] and the results in Section 3 we have that there exists a newform f ∈ S 2 (Γ 0 (972)) such that ρ E,p ≃ ρ f,p . There are 7 newforms of level 972. Four of them are rational 2 with complex multiplication by Q( √ −3) and the other three are irrational. In Section 5 we show how we can prove that non-solutions arise from the rational newforms, see Proposition 5.6. For the irrational newforms we use Proposition 4.1 and we prove that p ≤ 7 (see CongruenceCriterion.m).
Proposition 4.1. Let f ∈ S 2 (Γ 0 (972)) and p, q be primes such that p ≥ 11, q ≥ 5 and q = p. We define
if a 2 + 3b 6 ≡ 0 mod q and
6 ≡ 0 mod q and
where a q i (E) is the trace of Frob i q acting on the Tate module T p (E). Then p|B(q, f ).
Proof. From Section 3 we recall that A β = Res K/Q (E) and M β = Q( √ 3). Let π be a prime of M β above p. As we mentioned in Section 2 we have that ρ A β ,π = ρ E,p where ρ A β ,π is the mod π representation of G Q on the π n -torsion points of A β . We recall that
where φ E,p is the representation of G K acting on T p (E) and 1
Let assume the case a 2 + 3b 6 ≡ 0 mod q. By (18) we have that q N A β and from [Car86, Théorèm (A)], [DDT97, Theorem 3.1] we have that
For the rest of the proof we assume that a 2 +3b 6 ≡ 0 mod q. When
2 ∈ G K and similarly to the above lines we have that Tr
From the coefficient of q −2s we have that Tr
Eliminating the CM forms
In this section we explain and apply the method of Ellenberg [Ell04] which allows us to prove that no solutions of (2) arise from the rational newforms for p ≥ 239.
Proposition 5.1 (Proposition 3.4 [Ell04] ). Let K be an imaginary quadratic field and E/K a Q-curve of squarefree degree d. Suppose the image of Pρ E,p lies in the normalizer of a split Cartan subgroup of PGL 2 (F p ), for p = 11 or p > 13 with (p, d) = 1. Then E has potentially good reduction at all primes of K not dividing 6. Proposition 5.3 (Proposition 3.9 [Ell04] ). Let K be an imaginary quadratic field and χ K be the associate Dirichlet character. Then for all but finitely many primes p, there exists a weight 2 cusp form f , which is either
• a newform in S 2 (Γ(dp 2 )) with w p f = f and
The reasons why Proposition 5.3 implies Proposition 5.2 are explained in [Ell04, p. 775 ]. Before we show how we can prove when Proposition 5.3 holds we need to introduce some notations.
Let f be a modular form with q-expansion
We define
where χ is a Dirichlet character. We can think a m and L χ as linear functions in the space of modular forms. Moreover, we denote by F a Petersson-orthonormal basis for S 2 (Γ 0 (N )) and define
The only upper bound that it is not explicit is the one for E (3) . In Section 6 we give an explicit upper bound for the case m = 1 in terms of q and N .
In our case we have d = 3, χ −3 = −3 n and q = 3. We have written 3 a Magma script which shows that |(a 1 , L χ ) p−new | > 0 for p ≥ 239 (see AnalyticMethod.m). So we have proved the following.
Proposition 5.5. Let p ≥ 239 be a prime. Then there exists a newform f ∈ S 2 (Γ 0 (p 2 )) such that w p f = f and L(f ⊗ χ −3 ) = 0.
Remark: For p < 239 the method in Ellenberg's method requires to compute newforms of the space S 2 (Γ 0 (p 2 )) which is computationally hard problem when p is large.
Proposition 5.6. Let p ≥ 239 be a prime. Then non-trivial primitive solutions of (2) do not arise from a rational newform f ∈ S 2 (Γ 0 (972)).
Proof. Let f be a rational newform of S 2 (Γ 0 (972)). Then we know that f has complex multiplication and so the image of ρ f,p lies in the normalizer of a Cartan group. Because of Lemma 3.3 there exists a prime in K not above 6 such that E does not has potential good reduction. Because of Propositions 5.1, 5.2 and 5.5 we have that ρ E,p does not lie in the normalizer of a Cartan group. However, this is a contradiction to the fact that ρ E,p ≃ ρ f,p . Proof. From [Ell05] we have that for x ≥ 1000 where γ is Euler's constant which completes the proof.
Upper bound for |E
|E (3) | ≤ 16π 3   2φ(q) π
